We perform high resolution direct N-body simulations to study the effect of an accretion disc on stellar dynamics in an active galactic nucleus (AGN). We show that the interaction of the nuclear stellar cluster (NSC) with the gaseous disc (AD) leads to formation of a stellar disc in the central part of the NSC. The accretion of stars from the stellar disc onto the super-massive black hole is balanced by the capture of stars from the NSC into the stellar disc, yielding a stationary density profile. We derive the migration time through the AD to be 3% of the half-mass relaxation time of the NSC. The mass and size of the stellar disc are 0.7% of the mass and 5% of the influence radius of the super-massive black hole. An AD lifetime shorter than the migration time would result in a less massive nuclear stellar disc. The detection of such a stellar disc could point to past activity of the hosting galactic nucleus.
INTRODUCTION
The early universe features extremely luminous objects known as quasars. A quasar represents the central region of an active galaxy that contains a super-massive black hole (SMBH) with mass M SMBH = 10 7 − 10 10 M surrounded by an accretion disc (AD). As gas infalls from large scales it settles into a disc-like structure initially losing energy and transporting angular momentum outwards. It is still debated in the literature how exactly the central black holes reach such extreme masses. The activity of quasars peaks around a redshift of z = 2 and makes it even more difficult to explain the growth mechanism of the SMBH. While quasars are the most luminous objects known in the universe, there are other types of active galactic nuclei such as Seyfert galaxies, blazars and radio galaxies. All these objects are unified under the assumption of being the same type of astrophysical object observed from different angles (Antonucci 1993; Urry & Padovani 1995) however this simple unification scheme is criticised (e.g. Netzer 2015 , for a review).
In order to explain high luminosities, an accretion disc is required. One of the first analytical descriptions of the AD goes back to Shakura & Sunyaev (1973) and Novikov & Thorne (1973) , where they derived AD density profile for the case of stellar black holes in binary systems where a black hole is fed by the secondary component. More recent models of accretion discs are extensions of the Shakura & Sunyaev thin disc model.
Besides the SMBH and the AD, a compact stellar cluster is another main component of an AGN. The interaction of stars with the AD was studied by Rauch (1995 Rauch ( , 1999 . Later a semi-analytic approach of star-disc interac-tions (Vilkoviskij & Czerny 2002) led to the conclusion that the competition between stellar two-body relaxation and dissipation will cause a disc-like structure in the inner stellar component and a well-defined stationary flux of stars towards the SMBH. After the material from the gaseous disc is used up, the AGN goes over to a quiescent phase.
The Milky Way (MW) galaxy is among the quiescent ones, but it is debated whether it has been active in the past (e.g. Nayakshin & Cuadra 2005) . The Galactic centre hosts a SMBH with M SMBH = 4.3 × 10 6 M (see Gillessen et al. 2017 , for the latest value) and a nuclear star cluster (NSC). High resolution adaptive optic observations of the central parsec revealed a cluster of young (< 100 Myr old, spectral class B) high velocity stars inside the inner arcsec (0.04 pc). Moreover, a disc of even younger stars (6 ± 2 Myr old, O/Wolf-Rayet stars) was discovered at a distance between 0.04 and 0.5 pc from SgrA* (Levin & Beloborodov 2003) . The disc appears to be highly warped (Bartko et al. 2009 (Bartko et al. , 2010 . The analysis of high quality proper motion measurements of bright massive stars suggests the existence of a second stellar disc with opposite rotation (Paumard et al. 2006; Genzel et al. 2010 , for a review), however the stellar distribution may be more irregular (Kocsis & Tremaine 2011) . The most prominent disc exhibits clockwise rotation and its surface density scales as Σ ∝ R −γ with γ ranging from 1.4 ± 0.2 (Bartko et al. 2010 ) to 2.3 ± 0.7 (Lu et al. 2009 ). The disc(s) is located inside a massive spherical cluster of old stars, which is two orders of magnitude more massive than the disc (Paumard et al. 2006; Bartko et al. 2010; Yelda et al. 2014) . One possible explanation for the origin of the stellar disc(s) is that a precursor gaseous accretion disc underwent a fragmentation phase a few million years ago leading to the formation of new stars (Nayakshin & Cuadra 2005; Nayakshin et al. 2007 ). Amaro-Seoane & Chen (2014) and Kieffer & Bogdanović (2016) showed that collisions with the fragmenting clumps may destroy the outer envelopes of red giants leading to shallow or even flat density profile of old stars (Buchholz et al. 2009 , but see Gallego-Cano et al. 2017 .
The effects of gas damping in dense stellar systems were studied by Leigh et al. (2014) analytically and numerically. The authors conclude that the gas drag may increase the stellar accretion rate onto the SMBH in galactic nuclei while the effect of the star-gas interactions on the mass segregation rate is relatively inefficient in case of dense galactic nuclei. Stellar migration towards the SMBH in AGN was analysed by McKernan et al. (2011) where the authors considered compact massive stellar objects migrating by analogy to protoplanetary migration. In result, the migration and accretion of compact objects can explain the X-ray soft excess in Seyfert AGN. Baruteau et al. (2011) performed hydrodynamical simulations of the gaseous disc in order to study the migration of a binary star through the disc and they found that the hardening of the binary happens on much shorter time-scales than the migration towards the SMBH.
It is natural to expect the presence of stellar mass black holes (sBH) in the AD where they can accrete material and grow or even accumulate in a migration trap and merge resulting in the formation of an intermediate mass black hole (Artymowicz et al. 1993; Bellovary et al. 2016) . The gaseous drag would effectively reduce the semi-major axis of sBH binaries resulting in a strong gravitational wave emission followed by a merger within the lifetime of the AD (Bartos et al. 2017; Stone et al. 2017; McKernan et al. 2017) .
This paper is an extension of Just et al. (2012) (hereafter Paper I) and Kennedy et al. (2016) (hereafter Paper II). In Paper I we examined the accretion rate onto the SMBH and found that the presence of the AD enhances the accretion while the focus of Paper II was on the orbital parameters of accreted stars leading to the conclusion that the stars trapped by the gas accrete with near-circular orbits. Shukirgaliyev (2016) noted the presence of a stellar disclike structure in the inner part of the NSC. In this paper we study the properties of the nuclear stellar disc (NSD) in AGN using the most realistic simulation from Paper II with N = 1.28 × 10 5 particles. Method for modelling star-star and star-gas interactions as well as the initial conditions for the stellar cluster and gas disc are presented in Section 2. The effect of the AD on the inner component of the surrounding star cluster is examined in Section 3. We scale the results to real galaxies in Section 4, summarise and discuss the results in Section 5.
METHOD

Simulation details
We use an improved version of the direct N-body code φGRAPE (Harfst et al. 2007 ) including the friction force of stars in the AD. The code is parallel and uses GPU accelerators for the calculations of the gravitational force. The integration of the equation of motion is done using a 4th order Hermite scheme. For more details see Paper I. The φGRAPE code was used in Paper I and Paper II as well as in many other papers on galactic nuclei and tidal disruption events (e.g. Zhong et al. 2014 Zhong et al. , 2015 Li et al. 2017) .
Since the previous papers focused on the accretion rate onto the SMBH, the effects of stellar tidal disruptions were included in the simulation. It was done in a way that if an object crosses the accretion radius r acc then it is considered to be tidally disrupted and 100% of the mass is added to the mass of the SMBH. We used r acc as a free numerical parameter which regulates the spatial resolution.
Here we use the data from the most realistic simulation of Paper II (designated as 128k03r) where the number of stars was set to N = 1.28×10 5 , the accretion radius r acc = 3.0× 10 −4 r inf , where r inf is the influence radius of the SMBH. The scale height of the AD was set to have linear dependence on radius in the inner region (see next subsection). We compare the data with the analogous 128k simulation without the AD (128k03ng). The number of particles in the simulations is still much smaller than the number of stars in a real galactic centre, so each particle represents a group of stars. A detailed description of the scaling procedure of star-disc interactions is given in Paper I.
We use Hénon units (also known as N-body units) throughout the paper unless otherwise specified. The total mass of the NSC as well as the gravitational constant G are set to unity. We set the initial mass of the SMBH and the AD to be 10% and 1% of the total stellar mass, respectively. The SMBH grows due to the capture of stars while the AD remains stationary.
Disc model
Our model of the AD corresponds to an axisymmetric thin disc based on Shakura & Sunyaev (1973) and Novikov & Thorne (1973) . The gas density is given by
where p = 3/4 is the surface density power-law index corresponding to the outer region of a standard thin disc model, R is the radial distance from the SMBH, z is the vertical distance from the disc plane, R d = 0.22 is the radial extent of the disc (scaled with the influence radius of the SMBH). The parameters s = 4 and β s = 0.7 are associated with the smoothness of the outer cutoff of the disc (introduced for numerical reasons) and h is the scale height. The gas in the disc is set to have a Keplerian rotation profile. The total disc mass is fixed to be M d = 0.01 and the gravity force from the AD is neglected. We approximate the disc scale height in the inner region with a linear relation h = R Rsg h z up to a distance R sg ≈ 0.026 where the vertical self-gravity of the disc becomes important. With h z = 2.2 10 −4 the opening angle of the AD is 0.5
• . In the region of a vertically self-gravitating disc, the scale height is constant h = h z . The transition between two regions is estimated by equating the vertical component of the spherically symmetric force from the SMBH at z = h z with the vertical self-gravitation of a thin disc above the AD. We examined the effects of changing the inner disc height profile on the results in Paper II.
Stellar component and star-disc interactions
The initial conditions are generated in the following way. We place a point-mass potential into a Plummer sphere (with virial radius of one Hénon unit) and evolve the system to the stage of dynamical equilibrium t = 0.001t rel (several crossing times). After that, the influence radius of the SMBH (the enclosed radius where the total stellar mass equals that of the SMBH) is measured to be r inf = 0.22. The NSC consists of equal mass stars. Then the interaction with the AD is 'switched on'. The total simulation time is 2 half mass relaxation times (t rel ).
Since we neglect the gravity of the AD, a star feels the gas as a drag force which is given by the equation
where ρ g is the local gas density (equation 1), r is the stellar radius and V rel is the relative velocity between the star and the gas, Q d is the drag coefficient, we use Q d = 5 (Courant & Friedrichs 1948) . We assume that stars have supersonic motion while crossing the disc and therefore we treat the drag as a ram pressure effect. The contribution from dynamical friction is neglected since it is proportional to V −2 rel while the ram pressure drag goes with V 2 rel (see Ostriker 1999 and Sec. 2.2 of Paper I).
Since a star particle represents a group of stars, we scale equation (2) by introducing an effective dissipative parameter,
This expression describes the dimensionless total dissipative cross section of N stars, normalised to the disc area. Now, Eq. 2 can be rewritten as acceleration in terms of global quantities, such as R d , M cl and Q tot by
where M cl is the total stellar mass. To get around the fact that the relaxation time in the modelled system is shorter than the t rel for a real galactic nucleus, we choose Q tot in such a way that the ratio between the dissipation time-scale and the relaxation time is conserved. Thus, given a galactic centre with N real stars and an effective dissipative parameter Q tot (N real ), the value of Q tot (N sim ) to be used in a simulation with N sim super-particles is
In our simulations the scaling for arbitrary N is given by (Eq. 11 of Paper II)
leading to
(see Eq. 16 and Fig. 6 of Paper I). For a given galaxy and AD properties (mass and size) the appropriate value of Q tot can be calculated (see Table  1 of Paper I). The Q tot value of our simulation (Eq. 6) is consistent with the down-scaled value for M87. We refer to Paper I for a detailed description.
The effects from stellar crossings, gravity force from the AD mass and the contribution of stellar winds on the AD are neglected. Some of these assumptions are discussed in Sec. 5, but a detailed analysis will be done in future work.
EFFECT ON THE SURROUNDING STAR CLUSTER
In our previous work (Paper II), we analysed the statistics of orbital parameters of accreted particles and found that the paths that they take to accretion depend on their final eccentricities and inclinations. We identified three broad paths or plunge types, these are (1) disc capture, (2) gas assisted accretion, and (3) direct accretion. The plunge type 1 stars were captured by the AD and went through a disc migration phase. Figure 1 shows the cumulative distribution of inclination i and eccentricity e at the time of accretion. The blue and red lines in Fig. 1 clearly show that about 40% of all accreted particles throughout the simulation are accreted with very low inclinations and eccentricities meaning the accretion through the AD (plunge type 1). As we will show, these particles were accreted only after several orbital times of residency inside the disc. While in the migration phase, the particles form a NSD as we show later. Moreover, the stellar disc remains stationary during the simulation and is supported by a constant inflow of stars from the outer parts of the NSC. In the following section, we examine the properties of the NSD and the stellar migration time-scale.
Spatial distribution of the NSD particles
The initial mass profile as well as the mass-radius dependence for the models with and without the AD at t = t rel are presented in Fig. 2 . The cumulative mass profiles of the NSC at 1 and 2 relaxation times reveal the mass concentration in the inner part of the cluster, the profile remains very similar until 2 relaxation times. Although the stellar accretion from disc-captured particles occurs, we see no change in the mass profile after the NSD has formed. That means that the NSD is continuously supplied from the NSC. The mass of the NSD stays the same in order of magnitude and equals to M NSD ≈ 7.0 × 10 −4 at the end of the simulation. Figure 3 shows the spatial density distribution of the NSC. As we can see from the Fig. 3 the initial Plummer sphere (looks like a triangle in the logarithmic z vs R plane) is slightly distorted inwards due to the presence of the SMBH, while the AD leads to the formation of a 'tail' of stars in the innermost part of the cluster with |z| R. The 'tail' can be clearly visualised as a disc of stars (Fig. 4 ) . We call the disc of stars the nuclear stellar disc (NSD).
In order to investigate the properties of the NSD particles and the NSD as a whole, we have to define the criterion for a stellar disc particle. The 'tail' in require e < 0.5 in order to remove transient particles and since the orbital inclination angle is derived as cos i = Lz |L| , the condition cos i > 0.0 excludes the counter-rotating stars from the NSD. Putting all together we define the NSD particles as particles that satisfy the following criteria:
cos(i) > 0.0; e < 0.5.
R, z are cylindrical coordinates. We ensure that these criteria select plunge type 1 stars by plotting the distribution of selected NSD particles in the eccentricity-inclination plane when they still live in the stellar disc (t = 1.0t rel ) and when they were accreted onto the SMBH (t = t acc ). Fig. 5 shows that all these particles were accreted with very low values of eccentricity and orbital inclination. The size of the NSD is ≈ 3 times smaller than the effective radius of the AD (R eff = 0.032 in Paper II; a characteristic location in the AD where most stars begin their plunge). Figure 6 shows that the inclination declines approximately proportional to the size of the orbit as expected due to the friction force in a Kepler rotating AD. The surface number density of the NSD at t = t rel is displayed in Fig.  7 . The figure shows a strong overdensity in the inner region (r < 10 −3 ) of the NSC. The surface density features a steep power law profile with γ = 2.3.
Lifetime and evolution of the NSD
A look at some properties of the NSD stars at some arbitrary current time t cur and the time left until accretion gives details on how and how fast these properties change during the migration phase. Figure 8 shows the time left for accretion against the orbital parameters of the NSD particles at time t cur = 1.0 t rel and demonstrates the decay of eccentricities and inclinations in the migration phase. All the NSD particles accrete in a fraction of the relaxation time. Figure  9 shows the same distribution as the bottom panel of Fig. 3 , but colour coded by the time left to accretion for all stars in the NSC. It is clearly seen that there is an inflow of particles towards the SMBH at R < 10 −3 . In order to compute the time a star spends inside the AD during the plunge, we track it from the moment it is captured (equation 8 is fulfilled) and follow the stellar orbit until it is gone inside the accretion radius (Fig. 10) . We tracked all NSD particles from the beginning of the simulation up to t = 1.8t rel and found that the median time (between capture and accretion) equals t migr = (0.026 ± 0.002)t rel . It represents the fact that 50% of all NSD stars spend in the disc no more time than t migr . On the other hand it represents the renewal time of the NSD as we show below.
Indeed, the cumulative number of stars captured by the AD is a linear function of time (see Fig. 11 ) and its derivative represents the total stellar influx
where N cap is the cumulative number of stars captured by the NSD (but not necessarily the number of stars actually residing in the NSD, as stars eventually are accreted onto the SMBH) and f NSD is the stellar flux, or the capture rate by the AD which equals 3.65 particles per N-body time unit (this is the straight line fit in Fig. 11 ).
The number of stars resident in the NSD is roughly constant in time and its average value is N NSD = 81.5 with standard deviation 8.7. From this number and the influx rate, we can calculate a characteristic time-scale in which the entire resident stellar population of the NSD is replaced. We define this time-scale as the renewal time, which is then
As expected, t renew is 2.5% of the half-mass relaxation time, and equals the migration time t migr calculated previously. This time-scale is also associated with the formation time of the NSD. A comparison of the migration time with the stellar dissipation time t diss = E kin /Ė sd (see Eq.(16) of Paper I), where E kin is the kinetic energy of all stars andĖ sd is the total energy dissipation rate due to the AD, shows that t diss exceeds t migr by two orders of magnitude. On the other hand, the viscous time-scale of the AD
can be shorter or longer than the effective migration time and depends on the viscosity parameter α (Fig. 12) . Here Ω is the Keplerian orbital frequency. The total number of accreted stars onto the SMBH is greater than the total number of stars captured by the AD because there is also a contribution from higher eccentricity orbits (plunge types 2 and 3 from Paper II). Fig. 13 shows the long-term origin of accreted stars in the interval 1 -2 t rel including all plunge types. We clearly see that ∼50% of stars accreted quickly are captured by the AD. On the other hand a significant fraction originate from r = 0.1 − 1 and are first scattered into the loss cone before being accreted or captured. The change in the shapes of the curves shows the consistency with the derived value of the effective migration time.
We note that a closer look at the spatial distribution of the stellar disc particles reveals a small precession of the disc and warps. But the dynamics of individual NSD particles relative to each other is complex and lies beyond the scope of this paper.
SCALING TO REAL GALACTIC CENTRES
For calibration to real systems, the value of Q tot has to be chosen accordingly (all other parameters in our simulations are independent of N). For example, when scaling the results of the simulation with N = 1.28 × 10 5 to M87 using Eq. 3, Eq. 5 and data from Table 1 , we get values of Q tot (1.28 × 10 5 ) = 5.42 × 10 −4 and Q tot (6.6 × 10 10 ) = 2.1 × 10 −9 . Thus, the value is larger by 5 orders of magnitude due to the correct scaling in our simulation setting the dissipation and relaxation time-scales in correspondence (see Table 1 Notes. We extrapolate the results to this sample of galactic nuclei (adopted from Paper I and Paper II). Columns 1-4 are the object's name, SMBH mass, influence radius (calculated from the stellar velocity dispersion) and half-mass relaxation time, respectively. Column 5 gives the mass of the NSD, column 6 gives the maximum radial size of the NSD, column 7 gives upper limits of the 'effective' migration time of a star through the AD to the SMBH. in Paper I). For the other galaxies like the MW the mismatch of the used value for Q tot is an issue, which needs to be discussed. Since the accretion rate scales with the friction force a d ∼ Q tot ρ g ∼ Q tot M d and time-scales scale with
for the Galactic centre with given M d = 0.1M SMBH the correct Q tot would be ∼ 45 times smaller leading to a 45 times smaller accretion rate and 45 times longer time to form the NSD. The mass of the NSD depends on the feeding by the friction force and the loss of stars by friction. If the scatter by 2-body relaxation is not important then the stationary stellar disc would have the same mass. If 2-body relaxation determines the feeding time-scale then the NSD mass would be proportional to η and would be larger by a factor of 45 in the Galactic centre if a stationary state is reached (at T migr ).
Alternatively, the physical Q d = 5 per star from ram pressure can be orders of magnitude larger due to dynamical friction dependent on the relative velocities and the sound speed. Then the value of Q tot in the simulations may be roughly consistent. This can be the case in low mass SMBHs like in the MW and the Circinus galaxy, where the circular speed of the AD (and the velocity dispersion of the NSC stars) in the relevant distance range of the outer boundary of the NSD (=0.07 pc for the MW) and the effective radius R eff of the AD (see Paper II; =0.2 pc for the MW) falls below the escape speed at the surface of a solar-type star (≈ 600 km s −1 , see Figure 1 in Paper I). For further calculations, we keep this scenario in mind. Note that Thun et al. (2016) have in great numerical detail analysed how the 'microscopic' value of Q d depends on the relevant parameters (like the size of the moving body relative to the bow shock and the speed relative to the sound speed). They also provide useful analytic approximations for the supersonic case.
For the application to real galactic nuclei, we need to rescale all relevant quantities accordingly. For the total number of stars N real , which is greater than the number of particles in our simulation, N sim , one particle in the simulation represents N scale = N real /N sim stars. Given the core velocity dispersion σ and mass of the SMBH (can be taken for example from Gültekin et al. 2009 ), one can calculate the influence radius r inf = GM SMBH /σ 2 and the relaxation time (given by Eq. 8 of Paper II), taking into account that the half-mass radius equals r hm = 3r inf . The time and length scalings are done in a way that the relaxation time of the real system is the same as the relaxation time of the modelled system, as well as the influence radius of the SMBH in the real sys- tem is the same as in the modelled system (as described above, a more detailed description of the scaling procedure is given in Paper I and Paper II). We find the scaling factors T scale = t The capture rate by the AD for the MW is thus (see Table 1 ):
In other words, after 100 Myr of evolution, we expect 14000 stars to be trapped by a hypothetical gaseous disc, while most of them would be still in the migration phase. The 'effective' migration time for the MW equals to 0.216 Gyr (for the enhanced value of Q d by dynamical friction). At t = t rel , the mass of the NSD is 0.07% of the initial total stellar mass of the NSC, converted to solar masses we get M NSD ≈ 3.0×10 4 M . Note that this is an order of magnitude estimate, whereas in the real system due to mass segregation we expect more massive stars to populate the NSD. A detailed realistic simulation is our long-term goal. The mass of the NSD is of the order of magnitude of the observed mass of the young stellar disc(s) in the MW 10 4 M (Bartko et al. 2010) , but the NSD stars should be older because of the long migration time. If the lifetime of the AD is shorter than the migration time than the mass of the NSD is expected to be smaller (e.g. by assuming a linear growth of the NSD). Table 1 gives the mass and size of the NSD as well as the migration time-scale, in physical units scaled according to the SMBH mass and its influence radius in nuclei of several nearby galaxies (adopted from Paper I). This time-scales have to be treated as upper limits for the formation of the NSD, because only friction by ram pressure is taken into account. If the time is boosted by the dynamical friction, we can expect the presence of the NSD in lower mass systems while we do not expect stationary discs to form in massive galactic nuclei.
The stellar migration time could be reduced by taking into account the pressure gradient of the AD to derive the circular speed of the gas, but this effect is very small and only relevant for the innermost particles. Figure 13 . The cumulative distribution of the time intervals left to accretion at t cur = 1.0 t rel of all particles captured in in the time interval from 1.0 to 2.0 t rel .
SUMMARY AND DISCUSSION
In this study we present the results from long-term simulations of a dense nuclear star cluster NSC surrounding a staraccreting SMBH and interacting with a central gaseous disc AD which acts as a drag force and dissipates stellar kinetic energy. First simulations of this kind were performed and described in Paper I, improved in Paper II. We examined the effect of star-disc interactions on the inner structure of the compact stellar cluster by means of direct N-body simulations. We found that the stars form a nuclear stellar disc NSD before being absorbed or disrupted by the SMBH. The AD leads to the formation of a NSD in very close vicinity of the SMBH with a mass of M NSD ≈ 0.007M SMBH . But the AD lifetime may be too short to fully form the NSD. We derived the effective stellar migration time through the AD towards the SMBH. Scaling the results to the Milky Way galaxy gives the mass of the NSD M NSD ≈ 3.0 × 10 4 M which is the same by order of magnitude as the observed disc of young massive stars in the MW, but note that the NSD formed in our simulations consists of stars originating from the old population of the spherical NSC. The outermost stars found in our NSD are located at a distance of 0.07 pc from the SMBH. The observed young Galactic Centre stellar disc resides between 0.04 to 0.5 pc. We think that an NSD consisting of old stars, as found in our models, could coexist with the observed stellar disc, but the old stars are just too faint to be detected close to the SMBH. The second generation instrument for the Very Large Telescope Interferometer GRAVITY (Eisenhauer et al. 2011) or the James Webb Space Telescope may be able to detect some of the NSD stars. Assuming that the young stars formed from the same AD (by disc fragmentation) which created the NSD (by trapping stars), a detection of a disc of old stars (NSD) would be a strong evidence for past activity and the former presence of an AGN disc and may give some hints on the efficiency of dynamical friction in the gaseous medium near the SMBH.
Note that our results are nicely consistent with recent ideas about the non-stationary history of our own Galactic centre, with sporadic AGN activity. The constant flow of gas to galactic nuclei inevitably produces an accumulation of gas, the formation of a central disc. This will trigger both a central AGN flare-up activity as well as a central starburst after which the gaseous disc has disappeared (e.g. Novak et al. 2012) . A huge Fermi bubble has been detected on both sides of the Galactic Centre (Bordoloi et al. 2017) , which could be a remnant of an AGN evolutionary phase of our own galaxy several Myr ago.
The NSD is located inside the effective radius of the AD. As we have shown in Paper II, it equals to R eff = 0.032 leading to an enclosed mass of M d (< R eff ) = 0.09M d (note a typo: 42% instead of the correct 9% in Sec. 3.2 of Paper II). That means that if we would cut the disc at R eff , the AD mass would be 1% of the M SMBH with essentially the same effect. If we reduce the surface density, the enclosed mass and the force would decrease proportionally leading to a smaller accretion rate. But the stellar disc mass would be similar, because it would just take longer to pass this phase. As a consequence the formation time would be larger. On the other hand, in Paper I we have shown that dynamical friction would be very efficient if the relative velocity falls below the escape speed at the stellar surface ( 600 km s −1 ). The friction force would be orders of magnitude larger leading to the same accretion rate if we reduce the surface density of the AD accordingly.
As was described in Sec.2, the contribution from dynamical friction (in other words gravitational focusing) was ignored in this study. But in case of subsonic motion the dissipation force may be enhanced leading to faster formation time of the NSD. This enhancement can be taken into account by replacing the drag coefficient
4 ln Λ, where v esc is the escape velocity from stellar surface, V rel is the relative velocity of a star in the AD and ln Λ 10 − 20 is the Coulomb logarithm. Given that for a SMBH mass of 10 8 M , typical relative velocities are of the order of 1000 km s −1 at distances below 1pc, dynamical friction can be ignored for normal stars. But it can be sufficient for compact objects since the escape velocity from their surface is high. The supersonic motion of stars through the gaseous medium is an active field of research in astrophysics (e.g. Thun et al. 2016 ) and we will incorporate new results from this field to our simulations, such as Q d as a function of ρ g and V rel .
It is more likely that NSDs may reside in low mass galactic nuclei (with M SMBH 10 6 M ). We assumed long-lived ADs (several hundred Myr) but in reality, the AD may be short-lived and the NSD would not form completely within the lifetime of the AD. The observational estimates of AGN lifetimes give a wide range of values. For example, the AGN fraction in SDSS data implies long lifetimes of t AGN > 10 8 yr (Miller et al. 2003 ), but Schawinski et al. (2015) argue that the SMBH growth period consists of many short episodes of activity with t AGN 10 5 yr. The estimates based on the effects of quasar proximity on the surrounding gas (studying the absorption lines) yield AGN lifetimes of order of 10 6 −10 7 years (e.g. Schirber et al. 2004; Syphers & Shull 2014; Segers et al. 2017 , and references therein). It is likely that a NSD forms even in the case of a short active phase, if AGN activity repeats and a gaseous disc forms in the same orientation in each such short episode (Schawinski et al. 2015) . Our results show that for shorter disc lifetimes (see Fig. 11 ) we will get a NSD with smaller mass. We find that after around 10 9 years a stationary state is established, if the disc lives that long. The migration time for the low SMBH mass galaxies ( 10 6 M ) is comparable with the upper limits on the t AGN making this objects the best candidates for the presence of a NSD. One of the nearby active galaxies Circinus (added in Table 1 ) features a NSD formation time of 60 Myr and potentially may host a NSD in its nucleus. On the other hand for the high mass SMBH galaxies such as M87, the NSD formation time-scale is too large to produce a stationary stellar disc.
If the AD disappears when the NSD is already formed then the latter will survive for a fraction of relaxation time. Although the orbital orientations of stars in the NSD may be randomised by resonant relaxation (e.g. Hopman & Alexander 2006) , this mechanism was proposed to explain random orbital orientations of the Galactic Centre S-stars (e.g. Perets et al. 2009; Antonini & Merritt 2013) . But whether the resonant relaxation is really dominant in real systems, with mass spectrum, small deviations from spherical symmetry (like our disc potential) are highly controversial. We did not take into account the self-gravity of the AD and the impact of the NSC potential to the rotation speed of the AD. Inside R eff the flattening of the potential due to the AD is already a factor of 10 smaller and with the smaller surface density combined with dynamical friction, it would be completely negligible. The outer radius of the AD is chosen to be equal to the influence radius of the SMBH in the sense of M cl (< R d ) = M SMBH , therefore the AD mass is 10% of the M SMBH and 5% of the M SMBH + M cl at R d . The correction to the rotation curve would be dominated by self-gravity of the cluster. The star-disc interactions in AGN with a stellar mass spectrum and stellar evolution are planned to be examined in future work. In particular, the formation, evolution and subsequent merging of binary black holes in the gaseous disc are of great interest. While residing in the AD, black holes can accrete material and merge with masses comparable to those detected by LIGO (Abbott et al. 2016) . Bartos et al. (2017) and McKernan et al. (2017) used semi-analytic approaches to calculate the detection rate of such events by LIGO, but their estimates span three orders of magnitude (McKernan et al. 2017) . Haggard et al. (2010) found that 0.16% ± 0.06% of all galaxies in the local universe are active (some nearby active galaxies are NGC4051 at a distance of 10 Mpc and NGC4151 at 14 Mpc; Bentz & Katz 2015) , implying a very large number of AGN ADs within the LIGO sensitivity volume. High resolution direct N-body simulations including realistic physics of the gaseous ADs may set much better constrains on this problem. Exploring effects of stellar crossing on the gaseous disc requires detailed SPH or hydrodynamical simulations of the AD including all relevant physics. A fully realistic direct N-body simulation of AGNs including gas physics in the AD remains as our long-term goal.
